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Abstract
Let B be the open unit ball of Rn and dV denote the Lebesgue measure on Rn normalized so that the
measure of B equals 1. Suppose f ∈ L1(B, dV ). The Berezin-type transform of f is defined by
Bf (x) =
∫
B
f (y)
(1 − |x|2)2
(1 − 2x · y + |x|2|y|2)n/2+1 dV (y), x ∈ B.
We prove that if f ∈ C(B) then the iteratesBkf converge to the Poisson extension of the boundary values
of f , as k → ∞. This can be viewed as a higher dimensional generalization of a previous result obtained
independently by Engliš and Zhu.
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1. Introduction
Let dA denote Lebesgue area measure on the open unit disk D, normalized so that the measure
of D equals 1. The Bergman space L2a(D) is the Hilbert space consisting of the holomorphic
functions on D that are also in L2(D, dA). For any z ∈ D, the pointwise evaluation of functions in
L2a(D) at z is a bounded functional. So there is a function Kz ∈ L2a(D) such that f (z) = 〈f,Kz〉
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C. Liu / J. Math. Anal. Appl. 329 (2007) 822–829 823for every f ∈ L2a(D). The function K(z,w) = Kz(w) is known as the Bergman kernel of D.
Explicitly, K(z,w) is given by
K(z,w) = 1
(1 − zw¯)2 .
For f ∈ L1(D, dA), the Berezin transform of f is by definition
Bf (z) =
∫
D
f (w)
|K(z,w)|2
K(z, z)
dA(w) =
∫
D
f (w)
(1 − |z|2)2
|1 − zw¯|4 dA(w). (1.1)
This operator was first introduced by Berezin [4], who used it to establish a certain quantization
procedure on D. It also arises often in the study of the Bergman spaces.
If we make a change of variables we see that
Bf (z) =
∫
D
f
(
ϕz(w)
)
dA(w), (1.2)
where ϕz is the Möbius map interchanging 0 and z,
ϕz(w) = z − w1 − z¯w .
Formula (1.2) provides some useful information. First, together with the mean value property
this yieldsBu = u for integrable harmonic functions u, that is, the Berezin transform fixes har-
monic functions. Next, it is easily seen from (1.2) that the Berezin transform is Möbius invariant:
B(u ◦ ϕa) = (Bu) ◦ ϕa. (1.3)
From (1.2) it is also possible to establish the following
Theorem A. If f ∈ C(D), then as k → ∞,Bkf tends pointwise and uniformly on D to function
u ∈ C(D) such that u has the same boundary values as f andBu = u.
This was obtained independently by Engliš [5] and Zhu [8]. As is well known, the equality
Bu = u for a bounded measurable function u implies the harmonicity of u. Thus, an alternative
version of Theorem A is that the iterates of the Berezin transform of f converge to the harmonic
extension of the boundary values of f .
Recently, Arazy and Engliš [2] generalized this to higher dimensions, and they showed that
the full analog of Theorem A holds for the strictly pseudoconvex domains with C3 boundary
in Cn.
In this paper, we generalize Theorem A in another direction, that is, to the setting of the unit
ball of n-dimensional real Euclidean space Rn (n 3).
We denote by B the open unit ball and by S the unit sphere in Rn. The full Möbius group
M̂(R¯n) consists of finite compositions of reflections in spheres and hyperplanes. We denote by
M̂(B) the subgroup which keeps the unit ball B invariant. Of particular interest is the Möbius
transformation ϕa defined for each a ∈ B by
ϕa(x) = |x − a|
2a − (1 − |a|2)(x − a)
1 − 2x · a + |x|2|a|2 . (1.4)
ϕa maps the unit ball B onto itself, thereby sending the point a into 0. Actually the most general
ψ ∈ M̂(B) satisfying these conditions is of the form Kϕa , where K ∈ O(n) (as usual, O(n)
denotes the orthogonal group).
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ja(x) :=
(
1 − 2x · a + |x|2|a|2)(2−n)/2,
that is, if f is harmonic on B then so is (f ◦ ϕa)ja . In fact, one can consider
Δ0 :=
(
1 − |x|2)2∑
j
∂2
∂x2j
,
and a computation shows that
Δ0
[
(f ◦ ϕa)ja
]= [(Δ0f ) ◦ ϕa]ja
for any f ∈ C2(B). See [6] for the details.
Denote by dV the Lebesgue measure on Rn normalized so that V (B) = 1. It is well known
that integrable harmonic functions enjoy the mean-value property:
u(0) =
∫
B
u(x)dV (x).
Replacing u by (u ◦ ϕa)ja , we get
u(a) =
∫
B
u
(
ϕa(x)
)
ja(x) dV (x). (1.5)
This motivates us to define a Berezin-type transform, for any integrable function f on B, by
Bf (x) =
∫
B
f
(
ϕx(y)
)
jx(y) dV (y). (1.6)
By a change of variables and using (2.1) and (2.2), we also have
Bf (x) =
∫
B
f (y)
(1 − |x|2)2
(1 − 2x · y + |x|2|y|2)n/2+1 dV (y). (1.7)
We note from (1.7) thatBf is infinitely differentiable on B.
Now we can state our main result.
Theorem 1. For every f ∈ C(B), Bkf converges uniformly to the Poisson extension of f |S.
Here, as usual, by the Poisson extension we mean
P [φ](x) =
∫
S
φ(ζ )
1 − |x|2
|x − ζ |n dσ (ζ ) (1.8)
for φ ∈ L1(S, σ ), where σ denotes the normalized surface area measure on S.
2. Preliminaries
We begin by summarizing the properties of the mapping ϕa which will be used later. The
proofs can be found in [1].
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(i) ϕa(0) = a and ϕa(a) = 0.
(ii) ϕa is an involution, i.e., ϕ−1a = ϕa .
(iii) The identities
1 − ∣∣ϕa(x)∣∣2 = (1 − |a|2)(1 − |x|2)1 − 2x · a + |x|2|a|2 (2.1)
and ∣∣ϕ′a(x)∣∣= 1 − |a|21 − 2x · a + |x|2|a|2 (2.2)
hold for every x ∈ B. Here and below, ψ ′(x) denotes the Jacobian matrix of a differentiable
mapping ψ at x and |ψ ′(x)| := |detψ ′(x)|1/n.
(iv) For any ψ ∈ M̂(B) and x ∈ B,
ϕψ(a)
(
ψ(x)
)= ψ ′(a)|ψ ′(a)|ϕa(x). (2.3)
Lemma 3. For any x, y, a ∈ B, we have
ja
(
ϕy(x)
)
jy(x) = jx
(
ϕy(a)
)
jy(a). (2.4)
Proof. Let us, for x, y ∈ B, introduce the temporary notation
[x, y] := (1 − 2x · y + |x|2|y|2)1/2.
Differentiation of (2.3) with respect to x yields
ϕ′ψ(a)
(
ψ(x)
)
ψ ′(x) = ψ
′(a)
|ψ ′(a)|ϕ
′
a(x).
Applying this with ψ = ϕy and replacing a with ϕy(a), we have∣∣ϕ′a(ϕy(x))∣∣∣∣ϕ′y(x)∣∣= ∣∣ϕ′ϕy(a)(x)∣∣.
In view of (2.2), this is just the same as
1 − |a|2
[ϕy(x), a]2
1 − |y|2
[x, y]2 =
1 − |ϕy(a)|2
[x,ϕy(a)]2 .
Then, using (2.1), we finally obtain[
ϕy(x), a
]2[x, y]2 = [x,ϕy(a)]2[y, a]2,
which gives (2.4). 
Now we prove the “Möbius invariance” of the Berezin-type transforms.
Proposition 4. Let a ∈ B. Then
B
[
(f ◦ ϕa)ja
]= [(Bf ) ◦ ϕa]ja (2.5)
for every f ∈ L1(B).
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some orthogonal transformation K . Recalling that ϕϕa(y) is an involution, we have
ϕa ◦ ϕy = ϕϕa(y) ◦ K. (2.6)
Thus
B
[
(f ◦ ϕa)ja
]
(y) =
∫
B
f
(
ϕa
(
ϕy(x)
))
ja
(
ϕy(x)
)
jy(x) dV (x)
=
∫
B
f
(
ϕϕa(y)(Kx)
)
ja
(
ϕy(x)
)
jy(x) dV (x)
(
by (2.6))
= jy(a)
∫
B
f
(
ϕϕa(y)(x)
)
jx
(
Kϕy(a)
)
dV (x)
(
by (2.4))
= ja(y)
∫
B
f
(
ϕϕa(y)(x)
)
jϕa(y)(x) dV (x)
= (Bf )(ϕa(y))ja(y),
where in the second to the last equality we have used the fact Kϕy(a) = ϕa(y), which also
follows from (2.6). 
The following formula is also needed.
Lemma 5. [7, Lemma 2.1] For x ∈ B and α ∈ C, we have∫
S
dσ(ζ )
|x − ζ |2α = 2F1
(
α,α − n
2
+ 1; n
2
; |x|2
)
. (2.7)
Here 2F1(α,β;γ ; z) denotes the Gauss hypergeometric function
2F1(α,β;γ ; z) =
∞∑
k=0
(α)k(β)k
(γ )k
zk
k!
with γ 
= 0,−1,−2, . . . , where
(α)0 = 1, (α)k = α(α + 1) · · · (α + k − 1) for k  1.
3. The proof of Theorem 1.1
Proposition 6. Let f ∈ L1(B) be subharmonic on B and suppose that f has an integrable har-
monic majorant on B. ThenBkf ↗ u, the least harmonic majorant of f , as k → ∞.
Proof. The basic idea of the proof is the same as in [5]. We first prove the proposition for a
special case. Let
g(x) := 1 (|x|2−n − 1). (3.1)
2 − n
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to show that
Bkg ↗ 0 as k → ∞. (3.2)
To do so, we proceed as follows. Using spherical coordinates and formula (2.7), we see that
B
(|x|2−n)= (1 − |x|2)2 ∫
B
|y|2−n dV (y)
(1 − 2x · y + |x|2|y|2)n/2+1
= n(1 − |x|2)2
1∫
0
r dr
∫
S
dσ (ζ )
(1 − 2rζ · x + r2|x|2)n/2+1
= n
2
(
1 − |x|2)2
1∫
0
2F1
(
n
2
+ 1,2; n
2
; r|x|2
)
dr
= (1 − |x|2)2 ∞∑
k=0
(
k + n
2
)
|x|2k
= 1 +
(
n
2
− 1
)(
1 − |x|2)
and then
Bg(x) = 1
2 − nB
(|x|2−n − 1)= 1
2
(|x|2 − 1).
Noticing that the function
t → 1
t
(|x|t − 1)
is monotonely increasing, we have g Bg. Recall thatB is a positive operator. Thus
g Bg B2g B3g  · · · 0.
Therefore, a limit u(x) := limk→∞Bkg(x) exists, u  0 and, as the pointwise limit of an in-
creasing sequence of continuous functions, u is lower semi-continuous on B. Moreover, by the
monotone convergence theorem, Bu = limBk+1g = u. We claim that u ≡ 0. Assume the con-
trary. Since
0 u(x)Bg(x) = 1
2
(|x|2 − 1),
we have lim|x|→1 u(x) = 0. Consequently, u attains its infimum at some point a ∈ B. We may
assume that a = 0 (otherwise we replace u by (u ◦ ϕa)ja in view of Proposition 4). Then
u(0) =Bu(0) =
∫
B
u(x)dV (x) > inf
x∈Bu(x)
∫
B
dV (x) = u(0).
This is a contradiction, and (3.2) is proved.
828 C. Liu / J. Math. Anal. Appl. 329 (2007) 822–829Now we turn to the general case. By the Riesz decomposition theorem (see, e.g., [3, p. 105]),
there exists a positive Borel measure μf on B, called the Riesz measure of f , such that
f (x) = u(x) +
∫
B
G(x,y) dμf (y), (3.3)
where u is the least harmonic majorant of f on B and G(x,y) is the Green function for the unit
ball B, given by
G(x,y) = 1
2 − n
[|x − y|2−n − (1 − 2x · y + |x|2|y|2)1−n/2].
(Note that the Green function considered in [3, p. 91] is the one associated to superharmonic
functions instead of subharmonic functions. So we have multiplied by the negative constant
1/(2 − n) to suit our case.)
Using (2.1), it is easy to check that
G(x,y) = g(ϕy(x))jy(x).
We may therefore write
f (x) = u(x) +
∫
B
g
(
ϕy(x)
)
jy(x) dμf (y). (3.4)
Applying the operator B to both sides of (3.4), and using the fact that B fixes integrable har-
monic functions, we get
Bf (x) = u(x) +
∫
B
B
[
(g ◦ ϕy)jy
]
(x) dμf (y).
Here we have used Fubini’s theorem in the last integral (note that the integrand is non-positive).
Proceeding by induction and using (2.5), we obtain
Bkf (x) = u(x) +
∫
B
Bk
[
(g ◦ ϕy)jy
]
(x) dμf (y)
= u(x) +
∫
B
(
Bkg
)(
ϕy(x)
)
jy(x) dμf (y).
In view of (3.2) and taking into account that μf is a positive measure, we may apply the Lebesgue
monotone convergence theorem to conclude that
Bkf ↗ u as k → ∞.
This completes the proof. 
Corollary 7. If f ∈ C0(B), thenBkf converges to 0 uniformly on B as k → ∞.
Proof. Since the operatorB is positive and linear we may assume that f  0. Moreover, by an
obvious approximation argument, we may even assume that f vanishes in some neighborhood
of S. Assume that the support of f lies in rB for some r < 1. Define F : [0,1] → R by
F(t) =
⎧⎨
⎩
−‖f ‖∞, 0 t < r ,
‖f ‖∞
1−r (t − 1), r  t < 1,0, t = 1.
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harmonic in B and its least harmonic majorant is constant zero. By Proposition 6, Bkφ ↗ 0 as
k → ∞. Since φ = 0 on S, by Dini’s theorem, the convergence is in fact uniform on B. Note
that φ  f  0, hence Bkφ Bkf  0, and therefore Bkf converges to 0 uniformly on B as
k → ∞. 
Proof of Theorem 1. Let u := P [f |S]. Then u is the harmonic function whose boundary values
coincide with f |S. Hence f − u ∈ C0(B). It follows from Corollary 7 thatBk(f − u) converges
to 0 uniformly on B as k → ∞. But, in view of (1.5), Bu = u, therefore Bkf converges to u
uniformly on B. 
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